Based on an analytical technique using a unitary transformation and the variational method, we study the chiral order parameter in the Schwinger model in the lattice formalism with KogutSusskind fermions. The fermion condensate − Ψ Ψ for any coupling constant and fermion mass are calculated. Chiral symmetry is shown to be broken in the massless limit and good scaling behavior is obtained. *
Introduction
In the field of lattice gauge theory (LGT), there are two major directions of studies. One is to create new techniques such that Monte-Carlo (MC) simulation for systems with fermions so as to get exact results efficiently. The other is to investigate the universality of lattice action and the existence of the continuum limit of LGT.
The Schwinger model [1] , which describes 1+1 dimensional QED, is superrenomalizable and exactly solvable [1] - [6] . Previous investigations of the model reveal some important properties of QCD such as quark confinement, chiral symmetry breaking and U (1) problem.
LGT with fermions in 1+1 dimensions is easier to study than in higher dimensions. The study of lattice formalism of the Schwinger model is a good test of the two major directions of LGT. Before we apply the technique to more realistic systems, the studies of the Schwinger model can give us a better understanding of LGT.
The investigations of the Schwinger model have been carried out by MC simulation and by other analytic approach [7] - [14] . Although MC simulation gives several exciting results, analytic methods are still necessary to realize the quatitative picture of its lattice formalism. However, even the finite-lattice technique [15] - [18] , one of the most successful analytic methods, is restricted to the strong coupling regime. New analytic approaches still need to be explored.
Recently, a technique with naive fermion formalism [19] is developed. It contains a unitary transformation and the variational method such that the Hamiltonian can be diagonalized and reliable physical informations can be extracted from the Hamiltonian LGT. Our study is concen- 
The Schwinger model on a lattice
We consider the Schwinger model on a lattice and use the Hamiltonian formalism with KogutSusskind fermions. In this formalism, the upper and lower components of the fermion spinor are put on different lattice sites. We shall work in the temporal gauge and the Hamiltonian reads
where χ + (x) (χ(x)) is a fermionic raising (lowering) operator at site x, U (x, x + 1) is the gauge field on the link between site x and x + 1, a is the lattice spacing, m 0 is the bare mass of the fermion and g is the dimensionless bare coupling constant related to the charge by g = ae. U (x, x + 1) can be written as
The dimensionless operator L(x) which generates rotation in θ(x) is the canonical conjugate to
Specifying |n as the eigenstate of L(x), we see that b + (x) (b(x)) raises (lowers) the boson number by one:
We also need the commutation relations between the boson operators and the fermion operators:
The fermion operators χ and χ + satisfy the usual algebra:
If we consider the dimensionless parameter g 2 to be large (strong coupling), the first term in the Hamiltonian can be considered as a perturbed term. The second and the last terms are the unperturbed terms. The ground state |0 of the unperturbed Hamiltonian has the following properties:
Because odd lattice sites are occupied by an antiparticle, this state corresponds to a "filled Dirac sea."
The gauge invariant states are specified by fermion occupation numbers and by boson numbers.
They are denoted by
where |0 is the "filled Dirac sea," and f (x), s(x) are the numbers of fermions and bosons at location x, respectively.
Unitary transformation and the variational method
We use the unitary transformation:
to diagonalize the Hamiltonian. The physical vacuum is assumed to be
where
and θ is the variational parameter.
The physical vacuum energy is then given by
Defining
and using the Baker-Hausdorff formula 
We therefore conclude that
where N l is the total number of the lattice sites, and J 0 (x) is the Bessel function of the first kind.
We next consider H ′ k . Because there is one link in S f and also one in H ′ k , the expansion of the Baker-Hausdorff formula shows that for the odd terms there appear odd numbers of U , U + combinations. These terms cannot exist in 0| H ′ k |0 . We finally get
with J 1 (x) being the Bessel function of the first kind.
Finally, we consider the last term
We now only need to calculate B 2 (x) and C 2 (x) in:
Here we use the fact that L(x) |0 = 0 and 0|
chance that it will not be zero is that y ′ = y + 2n − 2m + 1 and y = y ′ + 2n ′ − 2m ′ . This implies that 2n − 2m + 1 = 2m ′ − 2n ′ . This is not possible because the left hand side is odd and the right hand side is even. Therefore, we have
We wind up with
The dimensionless ground state energy now reads
By ∂ǫ Ω ∂θ = 0, we can determine the parameter θ for any coupling constant and bare fermion mass.
Results and Discussion
Based on the unitary transformation and the variational method we addressed in the last section, we have studied the vacuum structure and chiral symmetry breaking in the Schwinger model with Kogut-Susskind fermions. The reason we prefer to use the Kogut-Susskind formalism is its simplicity.
The fermion condensate − Ψ Ψ can be calculated by 
